Random light fields -commonly known as speckles-demonstrate Rayleigh intensity statistics and only possess local correlations: which occur within the individual speckle grains. In this work, we develop an experimental method for customizing the intensity probability density function (PDF) of speckle patterns while simultaneously introducing nonlocal spatial correlations among the speckle grains. The various families of tailored speckle patterns -created by our method-can exhibit radically different topologies, statistics, and variable degrees of spatial order. Irrespective of their distinct statistical properties, however, all of these speckles are created by appropriately encoding high-order correlations into the phase front of a monochromatic laser beam with a spatial light modulator. In addition to our experimental demonstration, we explore both the theoretical and practical limitations on the extent to which the intensity PDF and the spatial intensity correlations can be manipulated concurrently in a speckle pattern. This work provides a versatile methodology for creating complex light fields and controlling their statistical properties with varied applications in microscopy, imaging, and optical manipulation.
INTRODUCTION
Spatially random light fields have the hallmark appearance of intricate -yet highly irregular-mosaics of diffractionlimited speckle grains. Because of their speckled appearance random light fields are commonly referred to as speckle patterns. A speckle pattern is characterized by its twofold complexity regarding its optical field. On one hand, the spatialdistribution of light in a speckle pattern is sufficiently complicated that speckles are described by a statistically stationary and ergodic random process. In this context, stationarity requires the statistical properties of an ensemble of speckle patterns to be the same as those of an individual speckle pattern within the ensemble. Ergodicity requires the statistical properties of two spatial positions -separated by more than one speckle grain size-to be independent and identical to those of the ensemble. On the other hand, speckle patterns are categorized by the joint PDF of their complex-valued field. For example, a speckle pattern is said to be 'fully developed' if its joint PDF is circularly invariant. In a fully-developed speckle pattern, therefore, the phase PDF is uniformly distributed between 0 and 2π. Additionally, in a fully-developed speckle pattern the amplitude and phase profiles are statistically independent. Rayleigh speckles -the most common type of speckle patterns-obey a circular-Gaussian field PDF which results in a negative exponential intensity PDF. Furthermore, they only possess short-ranged spatial intensity correlations which are determined by the average speckle grain shape: which in turn is dictated by the diffraction limit [1] [2] [3] [4] .
Over the years, various methods have been developed to modify the intensity statistics of speckle patterns. For example, it has been shown that the intensity PDF of a speckle pattern can be made non-Rayleigh [5] [6] [7] [8] [9] [10] [11] [12] [13] , however, the resulting speckle pattern is typically either under-developed or partially-coherent, which only allows for a limited range of a) Department of Applied Physics, Yale University, New Haven, CT 06511, USA possible functional forms for the speckles' intensity PDF. Nevertheless, recent works have shown that it is possible to modify the intensity PDF of a fully-developed speckle pattern [14] [15] [16] [17] [18] . In these works, other statistical properties such as the functional form of the speckles' spatial intensity correlations remain unchanged.
In a speckle pattern, the spatial field correlation function is defined as:
where ... denotes spatial averaging over r. The spatial intensity correlation function is given by:
C I (∆r) ≡ I(r)I(r + ∆r) / I(r) I(r + ∆r) − 1 = C L (∆r) +C NL (∆r).
Here C L (∆r) is known as the local (short-range) correlation function, and it is related to the field correlation function by C L (∆r) = C 0 |C E (∆r)| 2 , where C 0 = I 2 / I 2 − 1 is related to the speckle contrast 1, 3, 4, 19 . C NL (∆r) represents the non-local (long-range) correlation function 20 , and it vanishes when the Siegert relation holds: C I (∆r) ≡ C 0 |C E (∆r)| 2 . Typically, the spatial intensity correlation function of a speckle pattern can be modified by altering the local correlation function: via amplitude modulation of its Fourier components 8, [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . Because the local correlation function is effectively the diffractionlimited point spread function of a system, this approach can be quite limiting in terms of the range of possible correlation functions. In our recent work 29 , we demonstrated that it is possible to dramatically and controllably alter the intensity correlation function of a speckle pattern by introducing non-local correlations into the speckle pattern instead. While this method could modify the speckle contrast, via C 0 , the intensity PDF itself could not be directly controlled using this method.
In this article, we experimentally demonstrate a method of simultaneously customizing the intensity PDF of speckle patterns and introducing long-range spatial correlations among the speckle grains. by encoding high-order correlations into the phase front of a monochromatic laser beam with a spatial light modulator (SLM): using a two-stage method. In addition to our experimental demonstration, we explore both the theoretical and practical limitations on the extent to which the intensity PDF and the spatial intensity correlations can be manipulated simultaneously in a speckle pattern without modifying the spatial field correlation function.
The ability to independently control the intensity PDF and correlations of speckles -arbitrarily-has many potential applications. For example they can be used as a form of 'smart' illumination in high-order ghost imaging [33] [34] [35] , dynamic speckle illumination microscopy 36, 37 , super-resolution imaging [38] [39] [40] [41] [42] , compressive sensing 43, 44 , and optical sectioning microscopy 45 . Furthermore, using speckle patterns with customized intensity statistics as bespoke disordered optical potentials in transport studies of cold atoms 46 , colloidal particles 47 , and active media 48 could induce novel transport behaviors.
MATERIALS AND METHODS

Experimental Setup
In our experimental setup, illustrated in Figure 1 (a), a linearly-polarized monochromatic laser beam with a wavelength of λ = 642 nm uniformly illuminates a phase-only reflective SLM (Hamamatsu LCoS X10468). The pixels on the SLM can modulate the incident light's phase between the values of 0 and 2π in increments of 2π/170. We only use the central part of the phase modulating region on the SLM and divide it into a square array of 32 × 32 macropixels: each macropixel consists of 16 × 16 pixels. Outside the central square, the remaining illuminated pixels display a phase grating to diffract the laser beam away from the CCD camera (Allied Vision Prosilica GC660). The SLM and CCD camera are placed on opposing focal planes of a lens ( f = 500 mm). To a good approximation the field incident on the camera is a Fourier transform of the field reflected off the SLM. To be more precise and general, however, we use an experimentally measured field-transmission matrix (T-matrix) to relate the light field on the SLM and the camera planes.
In our setup, the T-matrix is measured using a selfinterference method 49, 50 . The notable difference between our measurement technique, and those cited 49, 50 , is that we superimpose a random phase pattern on the SLM when performing a T-matrix measurement. This enables us to average over multiple T-matrix measurements -using different superimposed random phase patterns on the SLM-and significantly reduce the error of our final T-matrix. Therefore, for a given phase pattern displayed on the SLM, the average differences between the speckle intensity pattern measured by the CCD camera and that predicted by the field transmission matrix is less than 10%.
Method
Our method of creating and controlling complex light, by simultaneously controlling the intensity PDF, P(I), and the spatial intensity correlation function, C I (∆r), in a speckle pattern has two fundamental stages as depicted in Figure 1 (b) . First, a target speckle intensity pattern which obeys the desired intensity statistics, both P(I) and C I (∆r), is numerically generated by transforming a Rayleigh speckle pattern. Once a target intensity pattern is known, the next stage involves using a field-transmission-matrix based nonlinear optimization algorithm to obtain a corresponding speckle field -possessing the desired target intensity profile-which can be created in our experimental setup using a phase-only SLM. Repeating our method with different/uncorrelated initial Rayleigh speckle patterns enables us to create a stationary and ergodic ensemble of speckle patterns obeying the desired custom statistics.
FIG. 1. In (a) we present a schematic illustration of the speckle creation setup where part of a phase-only SLM is illuminated by a laser beam and the speckle pattern in its Fourier plane is recorded by a camera. In (b) we show a flowchart visualization of our speckle customization method. I D (r) represents an intensity pattern obeying the desired PDF andĨ(r) is an intensity pattern with the desired correlations.
Designing Custom Speckles
To complete the first stage of our method, we generate a speckle intensity pattern, I(r), which adheres to a desired intensity probability density function, P(I), and has a spatial intensity correlation function, C I (∆r), with a tailored functional form: by transforming an experimentally measured Rayleigh speckle pattern. In order to successfully encode both desired statistical properties into our target intensity pattern, we use an individual transformation for each property. To begin with, we can modify the intensity PDF of a speckle intensity pattern by performing a local intensity transformation on it. In general, a local intensity transformation is defined such that if I 0 (r) is an initial speckle intensity pattern adhering to the intensity PDF, P 0 (I), then the scalar transformation f (I 0 (r)) = I D (r) will produce a new intensity pattern I D (r) which adheres to the desired intensity PDF, P D (I). The specific local intensity transformation associated with the target PDF, P D (I), can be found from the integral
By expressing I D as a function of I 0 , we obtain the local intensity transformation f (I 0 ) = I D . To introduce the desired C I (∆r) into a speckle intensity pattern, we use the fact that the Fourier transform of a speckle intensity pattern F [I(r)] is related to its spatial intensity correlation function
Therefore by modifying a speckle intensity pattern's Fourier amplitude according to
we can create a speckle intensity pattern,Ĩ(r), which obeys the desired intensity correlation function. Because information related to customizing the intensity PDF is encoded into the spatial representation of a speckle pattern -via the local intensity transformation of I(r)-and the desired intensity correlation function information is encoded in the Fourier representation of the speckle intensity pattern -by imposing | F [C I (∆r) + 1]|-we can merge both customization methods into a single GerchbergSaxton algorithm as illustrated in Figure 1 (b). In this process, the only constraint on the statistical properties encoded into the speckle pattern is the fundamental relationship between the speckle correlation function and the intensity PDF:
Beyond this, however, the functional form of C I (∆r) may be chosen independently from P(I). The first step of our Gerchberg-Saxton algorithm is to perform a local intensity transformation on a Rayleigh speckle pattern which converts it into a speckle intensity pattern, I D (r), governed by the desired PDF. Next, we modify the amplitude of its Fourier components, such that |F [I D (r)]| is equal to the desired | F [C I (∆r) + 1]|, without altering the phase values. The inverse Fourier transform of the modified Fourier spectrum gives a complex valued function for the intensity pattern,Ĩ(r), which obeys the desired correlation function. Since the intensity values must be positive real numbers, we ignore the phase values and setĨ(r) = |Ĩ(r)|. In the process of encoding correlations into I D (r), the intensity PDF that the resulting pattern,Ĩ(r), obeys is altered slightly relative to that of I D (r). This deviation from the desired PDF is corrected for by applying an appropriate local intensity transformation toĨ(r). While the modified intensity pattern now obeys the desired speckle intensity PDF, the application of a local intensity transformation toĨ(r) has slightly altered the spatial intensity correlations previously encoded into the speckle pattern. The small deviation from the desired C I (∆r) can be corrected by resetting the Fourier amplitude of the intensity pattern to | F [C I (∆r) + 1]|. Cyclical repetition of this process results in an intensity pattern which adheres to both the desired correlation function and the PDF: therefore we have I D (r) =Ĩ(r). Starting with different initial Rayleigh speckle patterns produces uncorrelated intensity patterns that satisfy the same C I (∆r) and P D (I), and therefore by using a stationary and ergodic ensemble of uncorrelated Rayleigh speckle patterns we can create a stationary and ergodic ensemble of uncorrelated customized speckle patterns.
Although this method excels at generating speckle patterns when the desired non-local correlation function has sparse Fourier components, it may converge to an ordered -as opposed to speckled-intensity pattern when the desired nonlocal correlation function is sparse in real space -therefore dense in Fourier space-such as the example shown in Figure 2. In this case, rather than producing a random intensity pattern, the Gerchberg-Saxton algorithm converges to an ordered pattern which adheres to the desired intensity PDF and C I (∆r). As was shown in reference 29 , we can rectify this absence of disorder by convolving the ordered intensity pattern with a speckle pattern which does not possess any longrange intensity correlations, such as a Rayleigh speckle pattern. This convolution does not alter the functional form of C I (∆r) since Rayleigh speckles only have short-ranged correlations, however, it may alter the speckles' intensity PDF. In general, this alteration can be removed by using the convolved speckle pattern as the initial speckle pattern of a second Gerchberg-Saxton algorithm: which follows the same procedure as the first Gerchberg-Saxton algorithm. Often, however, the alteration of P(I) is minor and to a good approximation only the value of C I (0) changes: i.e. the variance of the encoded PDF. In this case, we can use either a super-Rayleigh or sub-Rayleigh speckle pattern -which have varying intensity contrasts and only local correlations 14 -in the convolution to adjust the value of C I (0): as was done for the case shown in Figure 2 .
Creating Custom Speckles
The second stage of our method consists of using a T-matrix based nonlinear-optimization algorithm 15, 29, 51, 52 to determine the phase pattern which -upon application to the SLM-generates a desired speckle intensity pattern on the CCD camera plane. We use an optimization algorithm, as opposed to an analytical expression, because the phase values of the (32 × 32) macropixels on the SLM are transcendentally related to the intensity values measured by the CCD camera. To find a solution for the SLM phase array which generates a given target intensity pattern, we numerically minimize the difference between the target pattern and the intensity pattern obtained after applying the field transmission matrix to the SLM phase array: as a function of the SLM phases. To facilitate the convergence to a solution, we reduce the area we attempt to control -on the camera plane-to the central quarter region representing the Fourier transform of the phase modulating region of the SLM. This is done, because in order to avert the effects of aliasing and uniquely define the spatial profile of a speckle intensity pattern, it is necessary to sample the pattern at or above the Nyquist limit. Therefore, each speckle grain should be sampled at least twice along both spatial axes. This means that the (32 × 32) speckle grains measured by our CCD camera must be represented by (64 × 64) partially correlated intensity values. By reducing our target region to only containing (16 × 16) speckle grains -therefore only (32 × 32) partially correlated intensity values need to be controlled by (32 × 32) independent phase values-we guarantee that multiple SLM phase arrays can generate a given target intensity pattern. Because of this, we can use a local-search algorithm to solve for SLM phase array and will always obtain a solution. In the process of solving for a SLM phase array, our local-search algorithm appropriately encodes high-order correlations into the phase values of the SLM phase array 15, 29 .
FIG. 2. A customized speckle pattern is shown in (a) with a spatially sparse intensity correlation function (b) and a unimodal intensity PDF (c). In (b) C max = 0.15 and C min = −0.03. In (c) the intensity PDF of the experimentally created speckles (purple solid line) closely follows the target intensity PDF (black dashed line). The local intensity correlation function (d) remains the same as that of a Rayleigh speckle pattern, indicating that the modification of the spatial intensity correlation function is the result of introducing nonlocal correlations into the speckle pattern. To obtain (b-d) we ensemble average over 100 independent speckle patterns to obtain the PDF and the correlation functions. The origin of (b) and (d) is located at the center of each plot.
CUSTOMIZED SPECKLES AND HIGH-ORDER STATISTICS
In Figure 2 (a) we present an example of an experimentally measured speckle pattern which is customized to simultaneously possess the spatial intensity correlation function shown in (b) and adhere to the intensity PDF shown in (c). The experimentally obtained intensity PDF (purple line) in (c) was tailored to have the form, P(Î) = sin[πÎ/2], over the range, 0 ≤Î ≡ I/ I ≤ 2, and P(Î) = 0 for values ofÎ > 2 (black dashed line). The intensity correlation function shown in (b) was designed to have positive correlations, C I (∆r) = 0.03, at ∆r = (0, ±100 µm) and negative correlations, C I (∆r) = −0.03, at ∆r = (±100 µm). Because our method is based on the use of a phase-only SLM, which is in the Fourier plane of our camera, the Fourier amplitude profile of the speckle fields generated in the CCD camera plane is fixed. Therefore, due to the Wiener-Khinchin theorem, the spatial field correlation function of a customized speckle pattern in the camera plane remains identical to that of the initial Rayleigh speckle pattern (created by a random phase array on the SLM): as demonstrated in (d). Because our modification of the speckle pattern's intensity correlation function does not affect the field correlation function, and therefore the local intensity correlations, the modified intensity correlations are non-local 29 .
Often, complex-light patterns are classified in terms of a defining statistical property, such as the intensity PDF: the most common example would be a Rayleigh speckle pattern. Such a characterization requires the existence of an ensemble/family of independent speckle patterns which individually adhere to the stated statistical property. The speckle patterns generated using our method are no exception; while we present the intensity PDF and spatial correlation function calculated using the entire ensemble of speckle patterns -in Figure 2 -each speckle pattern adheres the stated statistical properties individually and therefore is part of statistically stationary and ergodic ensemble. We can verify that the intensity PDFs of the speckle patterns are stationary by calculating the average deviation of the PDF of a single speckle intensity pattern, P S (I), from the intensity PDF constructed using the ensemble of speckle patterns, P E (I). We quantify the difference between the PDFs using the formula:
The average deviation between the PDF of a single speckle pattern and the ensemble PDF is ≈ 0.06 for the family of speckle patterns presented in Figure 2 . Because this average deviation is the same as what is obtained from an equivalent calculation using Rayleigh speckles, we conclude that our speckle intensity PDFs are statistically stationary. To verify that the intensity PDFs are ergodic, we compare the intensity PDFs of different spatial locations P x (I), with respect to the ensemble PDF P E (I), using ∆P x = [ |P E (I) − P x (I)| I ] / P E (I) I P x (I) I .
To calculate P x (I) we use the ensemble of intensity values at a given position x. For the family of speckles in Figure 2 , the average deviation between the PDF of a single spatial location and the ensemble PDF is ≈ 0.06. Again, since this is equal to the value obtained from an equivalent ensemble of Rayleigh speckles, we can conclude that our intensity PDFs are ergodic: in addition to being stationary. Similarly for the encoded non-local correlations, one can perform an analogous calculation comparing the spatial intensity correlation function obtained from averaging over all positions in each customized speckle pattern to that obtained from sampling over the ensemble of speckle patterns: to verify that the encoded correlations are stationary. Additionally, one can compare the average spatial intensity correlation function of each spatial position to that obtained from sampling all positions: to verify that the encoded correlations are ergodic. We have checked both cases and for each the average deviation was the same as the value obtained from an equivalent ensemble of Rayleigh speckle patterns. Thus, the intensity correlations encoded into the speckle patterns are both stationary and ergodic. In general therefore, our customized speckle patterns are represented by a statistically stationary and ergodic random process. FIG. 3 . The high-order statistical properties of the family of customized speckle patterns in Fig. 2 are presented. In (a) the complex joint PDF of the speckle field reveals that the speckle patterns are circular non-Gaussian and therefore fully developed. In (b-d) we show the joint intensity PDF, P(I 1 , I 2 ), of I 1 and I 2 sampled at spatial locations separated by ∆R = (60 µm, 60 µm), (0, 100 µm), and (100 µm, 0) respectively. In (b) the intensity values are uncorrelated and thus the joint intensity PDF is independent, while in (c,d) the encoded non-local correlations result in a dependent joint PDF. To obtain these results we use an ensemble of 5000 customized speckle patterns.
In Figure 3 , we present some of the high-order statistical properties of the family of customized speckle patterns presented in Figure 2 . We show the complex joint PDF of the speckle field, P(Re[E], Im[E]), in Figure 3 (a) . Because the complex field PDF is circular non-Gaussian, we know that the customized speckle patterns are fully developed. Therefore, this indicates that (i) the phases of the speckle fields are uniformly distributed from 0 to 2π; (ii) the amplitude and phase values in the complex field are uncorrelated. In (b-d) we show the joint intensity PDF, P(I 1 , I 2 ), of two intensity values, I 1 and I 2 , separated by a distance , ∆R. In (b) we choose the spatial separation, ∆R = (60 µm, 60 µm), at which the spatial intensity correlation function is zero. Because the intensity values are uncorrelated, the joint intensity PDF is independent, P(I 1 , I 2 ) = P(I 1 )P(I 2 ). Conversely, when the spatial separation of I 1 and I 2 is chosen such that the intensity values are either positively correlated, ∆R = (0, 100 µm), or negatively correlated, ∆R = (100 µm, 0), the joint intensity PDF is dependent, P(I 1 , I 2 ) = P(I 1 )P(I 2 ), as shown in Figure 3 While the method presented in this section, to customize the speckle patterns, provides a prescription for creating complexlight fields and controlling statistical properties, it does not provide theoretical limitations on what intensity PDFs and spatial correlations can be realized, which will be addressed in the next section.
THEORETICAL LIMITATIONS
In this section, we discuss the degree to which C I (∆r) and P(I) can be controlled simultaneously and independently in a speckle pattern. To study this, we switch to the Fourier basis of I(r). For simplicity, we restrict our theoretical calculation to one dimension and consider the speckle intensity pattern consisting of N speckle grains, which can be described by a discrete array with length L. We require that I(r) is statistically stationary and ergodic; therefore, spatial averaging over I(r) and ensemble averaging over different I(r) are equivalent processes. Additionally, we normalize our speckle patterns such that I(r) = 1. Finally, under our conventions the discrete Fourier transform of the speckle pattern can be defined according to:
In our method of customizing speckle intensity statistics, the spatial correlations are encoded into the speckle pattern, I(r), via modification of the Fourier amplitude of the intensity pattern, |J(ρ)|. According to the discrete Wiener-Khinchin theorem, this relationship can equivalently be written as
The above equations demonstrate that in a speckle intensity pattern, there is a uniquely determined relationship between the Fourier amplitudes, |J(ρ)| and the intensity correlations I(r)I(r + ∆r) . Specifically, we know that I(r)I(r + ∆r) is what sets |J(ρ)|. Therefore for a given desired/arbitrary correlation function, I(r)I(r + ∆r) , there is a corresponding Fourier amplitude profile, |J(ρ)|, which is well defined and can be used to encode the desired/arbitrary correlations into a speckle pattern.
While we cannot directly write the intensity PDF, P(I), as a function of I(r); we can use the relationship between P(I) and its intensity moments, I n (r) = P(I)I n dI where n is a positive integer. We relate I n (r) to the Fourier amplitudes of I(r), using the Fourier transformation relation in Eq. 4:
This expression can be simplified by using the delta function identity e i 2π
, and written as
which is valid for n ≥ 2. For the first moment n = 1, it can be shown I(r) = J(0)/ √ L. Eq. 7 shows that the n th moment of a speckle pattern is related to the n − 1 order correlations among the elements of J(ρ). Comparison between Eqs. 7 and 5 reveals that while C I (∆r), I , and I 2 are determined by the amplitude profile of J(ρ), the higher-order intensity moments n > 2 can be manipulated separately using the phase values of J(ρ). Since the only relationship between the intensity moment and spatial correlation function is I 2 = C I (0) + 1, the ∆r dependence of the spatial intensity correlation function and the intensity PDF of a speckle pattern can be controlled independently in a speckle pattern: as we illustrate in Figure 4 .
While we have established a relative independence between P(I) and C I (∆r), this does not necessitate that both can be arbitrarily customized. Next, we identify the limitations on our ability to manipulate P(I) in a speckle pattern. The ability to arbitrarily control the intensity profile of a speckle pattern with N speckle grains is equivalent to controlling the moments of the speckles' intensity PDF according to Eq. 7 wherein the highest moment one can control is on the order of the number of speckle grains N.
The next question is 'how many moments are required to uniquely define a PDF?' To answer this question in the context of realistic speckle intensity patterns, it is useful to take certain experimental facts into consideration. For example, all speckle patterns have a finite valued total power (spatially integrated intensity), which imposes a limit on the maximum intensity that a speckle pattern can have, I M . Hence, the intensity PDF is bounded by the maximal intensity value I M . Furthermore, a measured speckle pattern inherently has discrete intensity values, with the discretization step determined by either the dynamic range of the camera or the measurement noise, and therefore the intensity PDF of the speckle pattern must also have discrete intensity values. Consequently, we define ∆I as the intensity discretization step, ∆I = I m+1 − I m , and as a result the intensity PDF is given by a set of values P(I m ), where m = 1, 2, ..., M. The integral equation relating the intensity moments to the PDF can therefore be written in discrete form as I n = ∆I ∑ M m=1 I n m P(I m ). This relationship is expressed as the following matrix operation:
. . .
From this relation, reconstructing P(I) from a given number of moments becomes a matrix inversion problem. For the case where N = M, the matrix inverse in Eq. 8 is well defined and can be directly calculated. Therefore, any continuous intensity PDF which can be perfectly represented by M discrete data points is uniquely defined by its first M intensity moments. We can further this line of reasoning beyond the case where ∆I is dictated by the effective dynamic range of the measurement, and consider the case where ∆I is the minimum sampling rate required to accurately represent an intensity PDF. The Nyquist-Shannon sampling theorem -which establishes the minimum number of evenly spaced data points required to represent a continuous bandlimited-function without loss of information-tells us that we need to sample P(I) with at least two data points per period of its highest frequency component: in order to represent the continuous bandlimitedfunction P(I) with a discrete array, P(I m ), without losing any information. This means that if P(I) can be represented by a band limited and Nyquist-sampled array of M data points, then P(I) is uniquely defined by its first M intensity moments. In other words, if in a speckle pattern we can uniquely control M intensity moments, then the speckle pattern can possess any intensity PDF which is band limited and satisfies the Nyquist sampling theorem when discretized into M data points.
In Figure 5 we demonstrate this principle using the example PDF shown in (a). In this example we set I M = 2 and ∆I = 1/25, thus M = 50, as seen in (a). In (b) the amplitude of the bandlimited Fourier spectrum of P(I) is shown, after P(I) has been Nyquist sampled. In this case the Fourier amplitudes are non-zero between −4 ≤ ρ ≤ 4 and zero for 4 < |ρ| ≤ 8. Hence, at least 17 intensity moments are required to uniquely define the P(I) shown in (a): in term of its intensity moments. We can verify this by applying the pseudoinverse of the M × N matrix in Eq. 8 to different numbers of moments of the PDF: under the condition that the number of moments used is less than the number of data points N < M. In this case, when we have a sufficient number of moments to uniquely define the PDF in (a), at least 17 moments, the PDF reconstructed from its moments is identical to the original. In (c) we plot the PDF reconstruction error of (a) as a function of the number of intensity moments N used in the reconstruction. Around when the number of moments reaches the critical number to uniquely define the PDF, the error vanishes. In (d), we plot two example PDFs reconstructed from N = 8 and N = 17 moments. While the reconstruction using N = 8 intensity moments fails to reproduce the correct PDF, increasing N to N = 17 faithfully reproduces the original PDF.
In the context of an experimental setup using a phase-only SLM in 1D, if we can modulate 2N independent phase-values on the SLM we can control the intensity profile of N speckle grains and therefore the total degree of control we have on the FIG. 5 . We show the effect of reconstructing an intensity PDF from differing numbers of its moments. An example PDF, P(I), with a finite range of intensity is shown in (a). The Fourier spectrum of P(I) is plotted in (b), demonstrating that the PDF has a limited number of non-zero Fourier components. (c) shows the PDF reconstruction error of (a) as a function of the number of intensity moments used for reconstruction. Two examples of reconstructed PDFs are shown in (d); they are created using 8 intensity moments and 17 intensity moments.
complex J(ρ) values is N. Half of it, N/2, lies in the amplitude of J(ρ) which is used to manipulate spatial correlations C I (∆r). The other half, lies in the phase of J(ρ) and translates to the ability to control N/2 intensity moments. As long as a desired intensity PDF can be Nyquist-sampled and represented in bandlimited form by less than N/2 data points, a speckle pattern adhering to it can be generated. In 2D, the only practical difference is that we require 4N independent phase values to control a speckle pattern with N speckle grains. At this point, it is important to recall that we require speckle patterns to be stationary and ergodic. In order to satisfy these conditions, the speckle patterns must consist of a large number of speckle grains, because the average difference between the ensemble PDF of a family of speckle patterns and a single realization scales as 1/ √ N. Therefore, N is always large in practice, e.g., N ≈ 250 in our experiments. For realistic intensity PDFs, however, the number of non-zero Fourier components is much less that N/2 due to noise limitations, and therefore they can be reconstructed with significantly less than the available N/2 intensity moments. To summarize, we have found that in a speckle intensity pattern the intensity PDF and the functional form of C I (∆r) can be controlled independently and arbitrarily except for the constraint C I (0) = I 2 − 1.
EXPERIMENTAL REALIZATIONS
Next we experimentally demonstrate an independent control over the intensity PDF and the spatial intensity correlations of a speckle pattern. In Figure 6 we show two examples of speckle patterns that obey different P(I), but have FIG. 6 . Two customized speckle patterns (a,b) with different intensity PDFs (c,d) but identically shaped spatial intensity correlation functions are shown in (e,f). In (a) we present a measured speckle pattern adhering to both the PDF shown in (c), which is flat over a pre-defined range of I/ I , and the diagonally oscillating spatial intensity correlation function shown in (e). In (b) we present a measured speckle pattern with the same shaped intensity correlation function (f), but obeying a different intensity PDF (d), which increases linearly over a pre-defined I/ I range. In (e) C max = 0.32 and C min = −0.09 while in (f) C max = 0.14 and C min = −0.04 due to the different PDFs. We ensemble average over 100 independent speckle patterns to obtain the PDF and correlation functions in (c-f). The origin of (e) and (f) is located at the center of each plot. congruent C I (∆r). The intensity correlation function is designed to have non-local correlations of the form , C NL (∆r) = (C I (0)/10) cos[(∆x + ∆y) /20] , where x and y are spatial coordinates. For the example customized speckle pattern in (a), the intensity PDF is designed to be constant, P(Î) = 1/2, over the intensity range 0 ≤Î = I/ I ≤ 2 and zero elsewhere. The second example speckle pattern, shown in (b), is designed to obey a different intensity PDF which linearly increases, P(Î) =Î, over the intensity range 0 ≤Î ≤ √ 2. As a result of obeying different intensity PDFs, Î 2 differs between the two speckle patterns and therefore C I (0) = 0.32 in (e) while C I (0) = 0.14 in (f). While there is a visible difference in the speckle contrast between (a) and (b) due to the different intensity PDFs, the spatial intensity correlations in both speckle patterns have the same functional form: as can be seen in (e) and (f). Comparison between (a) and (b) illustrates how the topology of the customized speckle patterns changes in accordance with the PDF, while the overarching spatial order is dictated by the non-local correlations. Both speckle patterns in (a,b) have an overarching diagonal oscillation. Nevertheless, for the speckles with a linearly increasing PDF in (b), the spatial intensity profile has the appearance of an interwoven web of bright channels with randomly dispersed dark islands, while the speckles with a uniform PDF lack any definite channel structure beyond the diagonal oscillations.
In Figure 7 we show two examples of speckle patterns that have the same intensity PDF, however, their spatial intensity correlation functions differ. The speckle patterns in both (a) and (b) adhere to a bimodal intensity PDF, as shown in (c) and (d). The local intensity transformation which generates speckles with the PDF, P(Î) = sin 2 (πÎ) over the intensity range 0 ≤Î = I/ I ≤ 2 and zero elsewhere, is used to create these speckle patterns. However, because optical fields must be continuous functions, P(Î) = 0 over 0 <Î < I M , and therefore the experimental PDFs deviate from P(Î) = sin 2 (πÎ) aroundÎ = 1 as originally shown in 15 . Despite having the same intensity PDF, the non-local intensity correlation functions of (a) and (b) are designed to have different spatial variations. In (e) the spatial intensity correlation function C I (∆r) is an azimuthally-symmetric radially-oscillating function with the appearance of a 'bullseye'. The non-local correlation function, shown in (g), is designed to have the form: While both speckle patterns in (a, b) share a similar topology, consisting of two interlaced bright and dim channels, the overarching structure differs in both its shape and orientation. In (b) the checkerboard correlations induce the formation of multi-speckle islands with a grid-like orientation. In (a), the bullseye correlations result in an interwoven web-like structure.
CONCLUSION AND DISCUSSION
In conclusion, we have experimentally demonstrated a method of customizing the intensity probability density functions of speckle patterns; while simultaneously introducing long-range spatial correlations among the speckle grains. The customized speckle patterns exhibit radically different topologies and varying degrees of spatial order. In addition to our experimental demonstration, we have explored both the theoretical and practical limitations on the extent to which the intensity probability density function and the spatial intensity correlations can be manipulated separately and arbitrarily in a speckle pattern. Our method and theoretical description provide a systematic approach for creating complex light fields and controlling their statistical properties with a phase-only spatial light modulator: while also providing the upper bounds on what is possible.
There are numerous avenues of research, related to cus- FIG. 7 . Two customized speckle patterns with the same intensity PDF but different spatial intensity correlation functions are shown. In (a) we present a measured speckle pattern adhering to both the bimodal intensity PDF shown in (c) and the isotropic oscillating correlation function shown in (e). In (b) we present a measured speckle pattern also adhering to a bimodal PDF (d) but possessing anisotropic 'checkerboard' correlations shown in (f). In (g,h) we show the corresponding non-local correlations. In (e) C max = 0.29 and C min = −0.05 while in (f) C max = 0.30 and C min = −0.12. We ensemble average over 100 independent speckle patterns, to obtain the PDFs and correlation functions in (c-h). The origins of (e-h) are located at the center of each plot.
tomizing speckle patterns, that are worth further exploration. For example, our method tailors the speckle patterns on a specific 2D plane which is defined by the camera (Fourier plane of the SLM). As our customized speckle patterns axiallypropagate away from the plane of customization, however, their spatial profiles' rapidly change. The length scale of this axial-decorrelation is determined by the longitudinal speckle grain shape, and it is the same as one observes in a Rayleigh speckle pattern. In addition to decorrelating, our customized speckles lose both their tailored intensity PDFs as well as their non-local correlations as they propagate away from the target plane: eventually reverting back to Rayleigh speckles 15, 29 . Whether or not it is possible to control the statistical properties of a speckle pattern in a 3D volume -instead of a 2D planeremains an open question. Finally, we will discuss some of the potential applications of our customized speckle patterns. Because our method of creating and controlling complex light is versatile -yet simple-it can readily be incorporated into an extensive range of optical applications and experiments. For example, the ability to arbitrarily control the non-local correlations and intensity PDFs of speckle patterns could enhance many structured-illumination applications like speckle illumination microscopy 36, 37, 44 , super-resolution imaging 39, 42 , and high-order ghost imaging [33] [34] [35] . Similarly, it could also benefit studies of cold atom 46 , active media 48 , and microparticle 47 transport in correlated optical potentials. Our method is advantageous because both the topology and the degree of spatial order in the speckled optical potentials are arbitrarily customizable and reconfigurable without any mechanical motion.
